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Abstract 

The aim of this paper is to study the g-Laplace operator and g-harmonic 
polynomials on the quantum complex vector space generated elements Zi,Wi, 
i — 1,2, •■■,n, on which the quantum group GLq{n) (or Uq{n)) acts. The q- 
harmonic polynomials are defined as solutions of the equation A^p = 0, where p is 
a polynomial in Zi,Wi, i = 1,2, ■■■ ,n, and the g-Laplace operator A, is determined 
in terms of g-derivatives. The q-Laplace operator A, commutes with the action 
of GLq{n). The projector y\m,m' '■ -A-ra^mi —> T~(-m,m' is constructed, where Am,m' 
and Tlm,m' sxe the spaces of homogeneous (of degree m in Zi and of degree m' 
in Wi) polynomials and homogeneous g-harmonic polynomials, respectively. By 
using these projectors, a g-analogue of the classical zonal spherical and associ- 
ated spherical harmonics are constructed. They constitute an orthogonal basis of 
H-m^m' ■ A g-analogue of separation of variables is given. The quantum algebra 
[/^(gl^), acting on Ti.m,m' , determines an irreducible representation of Uq{g\„). 
This action is explicitly constructed. The results of the paper lead to the dual 
pair (L''5(sl2), Uq{g\„)) of quantum algebras. 



I. INTRODUCTION 

Laplace operators, harmonic polynomials, and related separations of variables of the 
classical analysis are of a great importance for mathematical and theoretical physics. 
They are closely related to the rotation groups SO{n) (if we deal with Euclidean space) 
and to the unitary groups U{n) (if we deal with the complex vector space) (see, for 
example, Ref. 1, Chaps. 10 and 11). In this paper we are interested in a g-analogue 
of Laplace operators, harmonic polynomials, and related separations of variables on 
complex spaces. 

Harmonic polynomials on the 7i-dimensional complex vector space are defined by 
the equation Ap — 0, where A is the Laplace operator d^/dz^dzi and p belongs 

to the space TZ of polynomials in zi , • ■ • , z„ , zi , ■ • ■ , z„ on the complex space C" . The 
space Ti. of all harmonic polynomials on C" decomposes as a direct sum of the subspaces 
'Hm,m' of homogeneous harmonic polynomials of degree m in zi, • ■ • , z„ and of degree 
m' in zi, • ■ • , z„: Ti — m'=o''^™^'"'- '^^^ Laplace operator A on C" commutes with 
the natural action of the unitary group U{n) on the space C". This means that the 
subspaces Hm.m' are invariant with respect to U{n). The irreducible representation 
Tm,m' of the group U{n) with highest weight (m, 0, • • • , 0, — m') is realized on TCm.m' ■ 

The equation Ap — permits solutions in separated variables on the space Hm.m' ■ 
In other words, there exist different coordinate systems (spherical, polyspherical, etc.) 
on C" and for each of them it is possible to find the corresponding basis of the space 
of solutions of the equation Ap = consisting of products of functions depending on 



^Electronic mail: aklimyk@bitp.kicv.ua 



1 



separated variables (see Ref. 2 for the general theory of separation of variables). To 
different coordinate systems there correspond different separations of variables. From 
the other side, to different coordinate systems there correspond different chains of sub- 
groups of the group U{n) (see Ref. 1, Chap. 11, for details of this correspondence). The 
bases of the space 7im,m' in separated variables consist of products of Jacobi polyno- 
mials multipled by r™+™ (different sets of Jacobi polynomials for different separations 
of variables), where r is the radius. These polynomials (considered only on the unit 
sphere S'^^^ in C") are matrix elements of the class 1 (with respect to the subgroup 
U{n — 1)) irreducible representations Tm,m' of U{n) belonging to zero column (see Ref. 
1, Chap. 11). 

Many new directions of mathematical physics are related to quantum group and 
noncommutative geometry. It is natural to generalize the above-described theory to 
noncommutative spaces. Such generalizations can be of a great importance for fur- 
ther development of some branches of mathematical and theoretical physics related to 
noncommutative geometry. 

The aim of this paper is to construct a g-deformation of the above-described clas- 
sical theory. In the g-deformed case, instead of C" we take the quantum complex 
vector space. It is defined by the associative algebra A generated by the elements 
zi, - ■ ■ ,Zn,wi, - ■ ■ ,Wn Satisfying a certain natural defining relations. The elements 
zi,---,Zn play a role of Cartesian coordinates of C" and wi, ■■■,'Wn play a role of 

•2^1 5 * * * 5 Zji . 

The g-Laplace operator Ag on A is defined in terms of g-derivatives (see formula 
(17) below). The quantum group Uq{n) play a role of the unitary group U{n) in the 
g-deformed case. It will be convenient for us to use the quantum algebra (that is, the 
quantized universal enveloping algebra) J7g(gl„) instead of the quantum group Uq{n). 
The g-harmonic polynomials on the quantum complex vector space are defined as el- 
ements p of the algebra A (that is, polynomials in z\, - ■ ■ ,Zn,Wi, - ■ ■ ,Wn) for which 
Agp = 0. By using the quantum algebra [/g(gl„) we construct for g-harmonic polyno- 
mials a theory similar to the theory for classical harmonic polynomials. We construct 
the projector Hm^m' : Am,m' — * 'Hm,m', where Am,m' and 'Hm,m' are the subspaces of 
homogeneous (of degree m in ^i, • • • , 2;„ and of degree m' in Wi, • • • , w„) polynomials in 
A and in the space Ti of all g-harmonic polynomials from A, respectively. Using these 
projectors we can make different calculations in 'Hm,m' ■ In this way, zonal spherical and 
associated spherical polynomials can be calculated. The associated spherical polynomi- 
als of 'Hm,m' constitute an orthogonal basis of this space. Here we obtain a g-analogue 
of the spherical separation of coordinates. We show that the natural action of the al- 
gebra ?7q(gl„) on the quantum complex vector space realizes on the space H,n,m' the 
irreducible representation of this algebra with highest weight (to,0, • • • ,0, —m'). Note 
that restrictions of zonal spherical and associated spherical polynomials from Hm,m' 
to the quantum sphere in the quantum complex vector space coincide with matrix ele- 
ments of irreducible representations Tm,m' of the quantum group Uq{n) corresponding 
to zero column (the latter matrix elements were calculated in Ref. 3; see also Ref. 4). 
Some our formulas coincide with formulas of Ref. 3. However, no Laplace operator and 
no g-harmonic polynomials are presented in Ref. 3. 

Note that this paper is an extension of the results of our previous paper (see Ref. 
5) (where we studied g-Laplacc operator and g-harmonic polynomials on the quantum 
real vector space) to the case of quantum complex vector space. It is well known that 
in the classical case, the theory of Laplace operators and harmonic polynomials on C" 
can be reduced to the corresponding theory for the real space M^" (see Ref. 1, Chap. 
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11). It is not the case for the quantum spaces. The reason is that the quantum complex 
vector space cannot be obtained from the quantum real vector space in the same way 
as in the classical case. 

Everywhere below we suppose that q is not a root of unity. Under considering a 
scalar product on the spaces A and Ti we assume that g is a positive real number. By 
[a], a e C, we denote the so called number defined as 

g° - 
q-q ^ 



II. THE QUANTUM ALGEBRA [/q(gl„) AND THE QUANTUM VECTOR SPACE 

1 /2 

The Drinfeld-Jimbo quantum algebra Uq{^^) is generated by the elements fc^ = 

g'^'/^, fcj""^^^ = g"''"/^, i = l,2,---,n, and Cj, /j, j = 1, 2, • • • , n — 1, satisfying the 
relations 

^i^i ~ ~ f) kikj = kjki^ k^Cjkj^ = q '''6^, kifjk^ = q fj^ 

e?ei±i - (g + g"^)eiei±iei + ei±ie- = 0, 

/f /i±i - (9 + q-')fifi±ifi + fi±iff = 0, 
[ei,ej] = [fi,fj]=0, |i-j|>l, 

+where an = 1, Ui^i-i = Ui-i^i = —1 and Uij = otherwise (see, for example, Ref. 6, 
Chap. 6). 

The algebra [/g(gl„) is a Hopf algebra, and the Hopf algebra operations (comultipli- 
cation A, counit s and antipode S) are given by the formulas 

^(kf^) = kf^ ® kf\ A(ei) = Ci ® kT^'^lll + kl'^'^C ® e^, 

A(/i) = /i kr^'\li\ + kl'\-^i^ ® fi, e{ki) = 1, e{ei) = e{fi) = 0, 

S{ki) = kr\ S{ei) = -q-^a, S{fi) = -qf,. 

The group GL(n, C) and its Lie algebra gl(n,C) act linearly on the n-dimensional 
complex vector space. Similarly, the quantum group GLq{n, C) and the algebra J7g(gl„) 
acts on the quantum (noncommutative) analogue of the complex vector space. This 
quantum space is determined by the algebra of polynomials A = Cq[zi, ■ ■ ■ , Zn, Wi, ■ ■ ■ , w„] 
(see Ref. 7). This algebra is the associative algebra generated by elements zi,Z2, - ■ ■ ,Zn, 
Wi,W2,- " satisfying the defining relations 

ZiZj = qZjZi, WiWj = q~^WjWi, i < j, (1) 

WjZi=qZiWj, ijij, i,j = 1,2, (2) 

fe-i 

WfcZfe = ZfeWfe + (1 - g^) ^ ZgWg. (3) 

s=l 

The elements wi , ■ • • , w„ play a role of , • • • , J„ in the classical analysis. 
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A *-operation can be defined on the algebra A turning it into a *-algebra. This 
♦-operation is uniquely determined by the relations z* = Wi, w* = Zi, i = 1, 2, ■ • • , n. 
The compact quantum group Uq{n) acts on this *-algebra. 

Note that the relations (3) are equivalent to the following ones: 

fe-i 

ZkWk = WkZk - (1 - q^) q'^''''~'~'^^w,Zs. (4) 

s=l 

The set of all monomials 

zl^ zl^ ■ ■ ■ zl-w{- w;^ • • • , r,- , s,- = 0, 1, 2, . • • , (5) 

form a basis of the algebra A (see Ref. 8). The set 

w{'wl'---wl-z{'zi'---ztr, r,-,s,=0,l,2,-.., (6) 

also form a basis of this algebra. 

The vector space of the algebra A can be represented as a direct sum of the vector 
subspaces Am,m' consisting of homogeneous polynomials of homogeneity degree m in 
zi, Z2, - ■ ■ ,Zn and of homogeneity degree m' in wi,'W2, ■ ■ ■ , Wn, m, m' = 0, 1, 2, ■ • •: 

oc oc 

(7) 

m—0 m'=0 

We have the hnear space isomorphism 

where the associative algebra Az (the associative algebra Aw) is a subalgebra of A 
coinciding with ^'^^^Amfi (respectively, with ©j'^/^o -^o,m')- 

We can define an action of the algebra C/q(gl„) on the vector space A. To determine 
this action we give the action of I7g(gl„) on Zj and Wj by the formulas^ 

ki i> Zj = q^*'Zj, Bi i> Zj = 5j^i+iZj-i, fi > Zj = Sj^iZj+i, (8) 

ki > Wj = Wj , Cj > Wj = -5j^iq~'^Wj+i , fi t> Wj = -dj^i+iqwj-i. (9) 
and extend it to A by using the comultiplication, that is, by means of the relation 

where A{X) = J2-^(i) ® ^(2) (i^i the Sweedler notation), and linearity. 

This action of the algebra J7g(gl„) on the vector space A determines a representation 
of t/g(gl„) on this space (we denote it by L). Evidently, the subspaces Am.m' are 
invariant with respect to this action. Therefore, L determines representations of C/g(gl„) 
on these subspaces, which are denoted by Lm,m'- We have L = 0^„/=o J^m,m'- 

3. OPERATORS ON THE ALGEBRA A 

In order to introduce the g-Laplace operator on A and to study g-harmonic poly- 
nomials we need some operators on the linear space of the algebra A. By 7i and 7i we 
denote the linear operators acting on monomials as 

7i {z? ■■■zl-w\^wl^--- <" ) = q^^ z\^ z\^ ■ ■ ■ z^^wl^w^^ ■ ■ ■ w^T , 
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Definition of the operators 7^"^ an is obvious. 

By Zi and we denote the linear operators of multiplication by the element Zi: 



"n ' 



Zi{z?zl- ■ ■ ■ •••<") = Zizl^z'^' ■ ■ ■ ■ • • < 

Ziiz?z'^^ ■ ■ ■ •••<") = -^r^' ■ • • z^-Ziwl^w^^ ■••<". 

The corresponding linear operators Wi and are defined as 

m{w\^w'^^ ■ ■ ■ w\-z{^zl^ ■ ■ ■ O = Wiw\^w\^ ■ ■ ■ w\-z\^zl^ 

• • • ^-^r-^r • • • <") = ■ ■ ■ <-^iz\'zi- 

We define on A the g-differentiations di and di. The linear operators di act as 
= on monomials p of the form (5) not containing Zi and as 

d, = l-^ll^Jll (10) 
' q-q-^ 

on monomials containing z^. The q-diffcrentiations di are linear operators acting as 
dip = on monomials p of the form (6) not containing Wi and as 

d, = wr^2l^^ (11) 

q-q 

on monomials containing Wi . 

The action formulas (8) and (9) mean that the multiplication operators Zj, j = 
1, 2, • • • , n, and Wj, j = 1,2, - ■ ■ ,n, constitute tensor operators transforming under the 
vector representation and under the contragredient to the vector representation, respec- 
tively. 

The actions (8) and (9) of i7g(gl„) on zj and Wj determines its action on the operators 
dj and Bj: 

ki > d-j = q~^''dj, Ci > dj = -6j^iq~^dj+i, fi t> dj = -Sj,i+iqdj-i, (12) 

ki \> dj = q^'^Bj, ei>dj = 6j^i+iq^^Bj-i, fi > Bj = Sj^iq^Bj+i. (13) 

That is, the set Bj, j = 1, 2, • • • , n, (respectively, the set dj, j = 1, 2, • • • , n) is a tensor 
operator transforming under vector (respectively, contragredient to vector) representa- 
tion. 

The operators di, di, Zi, Wi satisfy the relations, which will be presented by means 
of the quantum i?-matrix R for the quantum algebra C/q(gl„) (see, for example, Refs. 
6, section 8.1, and 7 for definition of the i?-matrix). Let R = PR, where the matrix P 
permutes the spaces in the tensor product of two spaces on which i?-matrix acts. Then 

'^ki = q^'^^ii^jk + {q- q~^)SikSjiO{j - i), 
where 9{k) = 1 if fe > and 6{k) = if < 0. Its inverse matrix is 

= q-^''5ii5jk - (5 - q-^)kkh^{i - j)- 
We also need the matrix = R;^g'^(*~'\ which satisfy the relations 

T.n]{'^-y:k=T.{^-')y^=^uM, 
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The relations (l)-(3) rewritten for operators Zi and Wi can be presented as 

ZiZj = q~'^Ri-ZkZi, WiWj = q~'^RjlwkWi, WiZj = ^(R"^)^.^^^^;, 
We also have the relations 

didj = q-^Rfidkdi, d,d, = q-^R^ldkdi, didj = q-^^f;dkdi, 

diWj = q{R~^)llwkdi, BiZj = q^fi Zk Bi , 

dizj = j^^Sij + {R^yjlzkdi, BiWj = ^^^5ij + {R^^y^iWkBi, 
which can be represented in the form 

diBj = q~^djBi, didj = qBjBi, i < j, 

didj = qdjdt, i ^ j, d^d^ = dtdt + (1 - q^) ^ dkdk, 

k>i 

diBi = BiBi + (1 - q-^) J2 q^^'^-'^dkBk. 

k>i 

BiWi = WiBi, BiWj — qwjdi = (1 — q^)widj, djWi — qwidj, i < j, 
BiZi = ZiBi, BiZj-q~'^ZjBi = {l-q~'^)q^'^^~''HiBj, BjZi = q~'^ZiBj, i < j, 

diZj = Zjdi, Bitbj = ^IbjBi, i ^ j, 

BiZi = qziBi + {q- g"^) ^ hBk + = q~^ZiBi - {q- g"^) ^ ZkBk + 7, 
B^m = qmBi + (g - q^^)^wkBk + 7"^ = q^^mBi - (g - q~^)^wkBk + j, 

k<i k>i 

where 7 = 7172 ■ ■ -Jn and 7 = 7172 • • • 7n. From last two lines, we obtain 

n _i n _ __i 

E7 — 7 X ^ - _ — 7 
ZkBk = {7} = TT' '^kBk = {7} = ZT' 

We also have the relations 

= qzi"f, jWi = Wij, ^Zi = Zt^f, ywi = qmi, 
-iBi = q~^Ba, -fBi = Bij, ^Bi = Ba, ^Bi = q^^Ba. 

Note that 

ip = q^p, ip = q^'p, peAm,m'- (14) 

To compare these relations with known from literature, we introduce the operators 
B'i = iBi, B[ = 7~^9i. Then the operators Zi, Wi, 9-, 9-, i = l,---,n, satisfy the 
relations from Ref. 9 which are known to be covariant with respect to J7g(gl„). 

Note that the above elements zi, - ■ ■ Zn,B[, - ■ ■ ,B'^ generate the g-Weyl algebra, that 
is, they satisfy the relations 

ZiZj = qzjZi, B'iB'j = q~'^BjB'i i < j, B[zj = qzjB[, i 7^ j, 
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dlz,-qHid[ = l + {q^-l)Y,z,d'^ 

j>i 

(the definition of the g-Weyl algebra see, for example, in Rcf. 6, Chap. 12). Similarly, 
the elements wi, ■ ■ ■ Wn, d'^, - ■ ■ ,d'^ generate the q~^-Weyl algebra. 

The operators D := X]fe=i ^kdk and D := J2k=i ^kdk are called the q-Euler opera- 
tors. The formula (7) gives the decomposition of A into a direct sum of eigenspaces of 
the operators D and D. 

Let us show that the above relations for the operators di,di,Zi, Wi determine uniquely 
the formulas (10) and (11) for di,di. We use the action formulas dil = 9^1 — 0, take 
into account that ij, Wi act as the operators of left multiplication on the basis elements 
(5) and (6), respectively, and 7, 7 are gradation operators on A (see (14)). By means of 
commutation relations between di and Wj, it is easy to obtain that diWi^W2^ ■ ■ ■ = 0. 
To calculate 9i(z[*Wi^ • • • w^") with n > 0, we use the relation 

diZi = qzidi -\-{q- q~'^) ^ z^dk + 7"^- 

k>i 

It gives di{zl* W2' ■ ■ ■ w^) = [ri]zl*~^wl^W2^ ■ ■ ■ wf^" . Finally, we have the action 
formula 

a,(^r •••<") = 

= q^*^''+'+-+^"^di{zi^ ■ ■ ■ <ri^4ri' • • • z^-zi^wi^ •••<") = 

= . . . • • • ^n"d.{zr< ■■■<-) = 

= 9'-*+^+-+^" [njzl^ ■ ■ ■ • • • • • • <^ 

which exactly coincides with the action (10). The action formula for di is recovered in 
a similar way. 

The action of the algebra f/g(gl„) on ^ ~ (g) Aw, defined by formulas (8) and (9), 
can be determined in terms of the operators di and Bj . We first note that the action of 
?7g(gl„) on Az is given by the operators 

Lih) = 7„ L{ch) = q-'^\Ja^+ly^'^Z^^^+l, L{fi) = q^/^{^a^+ly^'^Z,+l^, 

and on Aw by the operators 

L{ki) = %\ Lid) = -q-^/\^iji+i)^/^Wi+idi, L{fi) = -93/2(7,7i+i)-i/2^.a,+i. 

Taking into account the comultiplication on J7g(gl„) the action of J7g(gl„) on the linear 
space Ac:^ Az ^ Aw can be written as L{ki) =^i® 7^"^ and 

L{ei) = q-'/\lili+iY'Hidi+, ® (7i7r+i)'/' - r^'^lHi+iY'^ ® {lili+iY'''wi+^di, 

L{h) = q"\iai+i)-"Hi+rdi (7.7r+i)'/' - (i"\-Hi;AY'^ ® m+^)-'/'widi+r. 

IV. SQUARED g-RADIUS AND g-LAPLACE OPERATOR 

The element 

n n 

Q = Y,z, UH = J2 <f^"~'^WiZi e ^1,1 (15) 

i=l i=l 
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of the algebra A is called the squared q-radius on the quantum complex vector space. It 
is an important element in A. One can check by a direct computation that Q is invariant 
with respect to the representation Li^i (and hence with respect to the representation L), 
that is, L{kf^)Q = Q, L{ej)Q = and L{fj)Q = 0. Similarly, the element Q'' e Ak,k 
is invariant with respect to the representation Lk^k- 

The squared g-radius Q belongs to the center of the algebra A, that is, Qzi = ZiQ, 
Qwi = WiQ, i = 1,2, ■ ■ ■ ,n. We shall also use the elements 

j 3 

Qj = ^ ZiWi = ^ q^^^'^^WiZi, 

i=l i=l 

which are squared g'-radiuses for the subalgebras Cq[zi,iui, - ■ ■ , zj, Wj]. They satisfy the 
relations^ 

QjQi — QiQj^ ZiWi — Qi Qi—x, WiZi — Qi q 

ZiQj = q~'^QjZi, WiQj = q^QjWi for i > j, 
ZiQj = QjZi, WiQj = QjWi for i < j. 
It can be checked^ by direct computation that 

z^wf = {Qi-i/Qf, q-^)^ , w^zf = Q\ {iQi-xIQi-, i)^ , (16) 

where 

{a;q)s = {\-a){\-aq)---(\-aq'-^). 
We consider on A the operator 

n 

Ag = didi +d2d2 + --- + dndn = ^ q^^'-^^Bidi, (17) 

i=l 

which is called the q-Laplace operator on the quantum complex vector space. Since 
jAq = q~^Ag"f and ^Aq = g~^Ag7, then A, : Am,rn' Am-i,m'-i- 

To the element (15) there corresponds the operator Q on ^ defined as 

Q = ZiWi + Z2W2 H h ZnWn- 

Proposition 1: The operators A, and Q satisfy the relations 

AqQ^ - Q^Aq = g"-^g'^-Mfc]{<z'^+"-V7}, (18) 
Ag(0'=) =g"-iO'=-MA:][A; + n-l], (19) 

where 

, , a — 

W = — 

q-q 1 

and [r] = [q'^} is a q-number. 

Proof: First we prove the relation [Aq, Q] = g"^^{<z"77}. Using relations of section 
III we derive 

AqQ = ^dkdkziwi = ^ dk{q~^mzidj)wi 

k,l 
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k,l,i,j r,s 

'pj 

k,l,j k,l,ij,r,s UyP 



I i.r,s k,i,r,s 

The third summand is equal to 

k,i,r,s k,i.r,s u,p 

Using exphcit expressions for matrix elements of R and we have 

i I 

I I u,p 

p 

Thus, [Aq,Q] = (7"-i7-i{g"7} + ^^"^UtIt = q"^Hq"ll}- Now, it is easy to ob- 
tain (18) by induction if to use the relation {<?''77}Q = Q{9'^^^77} and the exphcit 
expression for {a}. Acting by both sides of (18) on 1 we obtain (19). 

Proposition 2: The operators Aq and Q commute with the action of the algebra 
Uq{g\„) on A, that is, with all operators of the representation L ofUq{gl„). 

Proof: It follows from (12) and (13) that fej > A, = Ag, > A, = and fj t> A, = 0. 
Now using the comultiplication for fc^, Cj and fj, we obtain the proposition for the 
g-Laplace operator. For Q the proposition is proved similarly. 

V. g-HARMONIC POLYNOMIALS 

A polynomial p £ A \s called q- harmonic if Aqp = 0. The linear subspace of A 
consisting of all g-harmonic polynomials is denoted by H. Let 



Proposition 3: The space Am,m' can be represented as the direct sum 

Am,m' ~ ^m,m' ® ^-^m— l,m' — 1 • (^^) 

Proof: First we prove that H,n,m' H QAm-i,m'-i = {0}. If it is not true, then there 
exists nonzero element p € 'Hm,m' H QAm-i,m'-i- Let fc be a maximal integer such that 
p = Q'^p' with some nonzero polynomial p' . Then it follows from Aq{p) = and (18) 
that 

= A,(QV) = Q'^Agip') + + n-l + m + m' - 2k]p'. 
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Since q^^^[k][k + n — 1 + m + m' — 2k] ^ 0, then p' can be divided by Q. This is 
a contradiction. Thus, Hm.m' H QAm-i,m'-i = {0}. Using this fact and the equal- 
ity ker Aq = 'Hm,m', where Aq is considered only on Am,m', we obtain the chain of 
inequalities 

dimAm,m' — dim ker > dimQAm-i,m'-i = dim^TO-i,m'-i > dimim A^. 

The last inequality follows from the fact that Aq : Am.m' — > Am-i,m'-i- Now we take 
into account the relation dim ker Ag + dim im Ag = dim Am,m'- Thus, in fact, the above 
inequalities are exact equalities, and Am,m' = 'Hm,m' © QAm-i,m'-i- Proposition is 
proved. 

Remark: If n = 1, then A consists of all polynomials in commuting elements Zi and 
wi . In this case, the space H of g'-harmonic polynomials has a basis consisting of the 
polynomials 

1, zt wt fc=l,2,.... (21) 
The decomposition (20) has also the following consequences: 

Corollary 1: If p € 'Hm,m', then p cannot be represented as p = Q^p' , k ^ Q, with 
some polynomial p' . 

Corollary 2: The space Am,m' decomposes into the direct sum 

min(m,m') 

Afn,m' ~ Q^^^TYi—j^m'—j' (^^) 

Corollary 3: For dimension of the space of q-harmonic polynomials 'Hm,m' we have 
the formula 

_ (m + n - 2)!(m' + n- 2)!(m + m' + n - 1) 
dim nm,m' - (n-l)!(n-2)!m!m'! ' 

Corollary 4- The space of q-harmonic polynomials Ti can be represented in the form 
of a direct sum 



oo oo 



m=0 m'=0 

Corollary 1 is a direct consequence of formula (20) . Corollary 2 easily follows from 
repeated application of (20). Corollary 3 is proved in the same way as in the classical 
case (see, for example, Ref. 1, Chap. 10). For this we note that 

(n + m — l)!(n + m' — 1)! 
dim A.m,m' — 7 7T75 j T, • 

[n — ly/mlm'i 

Hence, for dim 'Hm,m' = dim Am,m' — dim Am-i,m'-i we obtain the expression stated 
in the corollary. In order to prove Corollary 4 we note that 



A — Q-'Ti.m-j,m'-j — j '^m,m' ^^(^^^ Q'''Hm-j,m'-j 

■m>Qm'>a j=0 m>Om'>0 \ j=l 



>) 



where p = min(m, m'). Now Corollary 4 follows from here and Corollary 1. 

Theorem 1: The linear space isomorphism ^ ~ C[(3] (g) W is true, where C[Q] is 
the space of all polynomials in Q. 
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This theorem follows from Corollary 2. 

The decomposition >!. ~ C[Q] (Ei 7i is a (/-analogue of the theorem on separation of 
variables for Lie groups in an abstract form^°. It follows from this decomposition that 

A ~ C[Q] W ~ C[Q] Hm,m' = 00 (C[Q] Hm,m') ■ (23) 

m>Om'>0 m>Om'>0 

Since the subspaccs Am.m/ arc invariant with respect to the action of the algebra 
[/g(gl„), it follows from Proposition 2 for Ag that the subspace Tim.m' is invariant 
with respect to the representation Lm,m' of ?7g(gi„). We denote the restriction of this 
representation to 'Hm,m' by Tm,m'- It follows from Proposition 2 for Q and from (22) 
that 

min(m,m') 

L'm,m' ~ Tm—j,m'—j' (^4) 

Proposition 4: The representations Tm-j,m'-j o/J7q(gl„) in (24) are irreducible with 
highest weights (to — j, 0, • • • , 0, —to' + j), respectively. 

Proof: Let us show that the representation Lm,o = ^m.o in the space of holomor- 
phic polynomials Am,o is irreducible with highest weight (to, 0, • • • , 0). In fact, a direct 
calculation shows that the monomials z™^ • • • z™", toi + • • • + to„ = to, are weight 
vectors of this representation. The highest weight vector coincides with z™. Therefore, 
the irreducible representation with highest weight (to, 0, • • • , 0) is a subrepresentation 
of Lm.o = 7m, 0- Since their dimensions coincide, L„i,o = Tmfi is an irreducible rep- 
resentation with highest weight (to,0, • • • ,0). It can be proved in the same way that 
the representation Lo,m' = ^o,m' in the space of polynomials Ao,m' is irreducible with 
highest weight (0, • • • , 0, —to'). 

Now we can prove the proposition by the induction. Assume that the proposition is 
true for the representations Tm-i-j,m'-i-j which are contained in the decomposition 

min(m— l,m' — 1) 

-t'm— l,m' — 1 — ^m— 1— j,m' — 1— j • (^5) 

3=0 

Note that since Am,m' = 'Hm,m' ®QAm-i,m'-i, then Lm-i,m'-i is a subrepresentation 

in Lm,m' and 

min(m— l,m' — 1) 

dim.4TO-i,m'-i = dimL„_i^m'_i = ^ dimTm-i-j^m'-i-j- 

The space Am,m' contains the highest weight vector Zj"w™ which is of the weight 
(to, 0, • • • , 0, — to'). Therefore, Lm,m' contains an irreducible representation Tm,m' of 
t/q(gl„) with highest weight (to, 0, • • • , 0, —to'). This irreducible representation is absent 
in the decomposition (25). Hence, Tm,m' is a subrepresentation in Tm,m' ■ By the 
formula for dimensions of irreducible representations of {7g(gl„) and by Corollary 3 we 
have dimTm.m' = dimW^jm'- Therefore, Tm,m' is equivalent to Tm,m'- Proposition is 
proved. 

Thus, we proved that the action of the algebra ?7g(gl„) on the space A realizes the 
irreducible representations Tm,m' on the subspaces 'Hm,m' of homogeneous g'-harmonic 
polynomials, respectively. 
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We denote by ^^«(sin) the space of elements of A consisting of invariant elements 
with respect to the action of C/q(gl„). 

Proposition 5: We have ^^9(si„) = C[Q] and 

k,l k,l 

Proof: The formula (23) leads to the decomposition of the representation L on ^ into 
irreducible subrepresentations of ?7q(gl„) (the representation multiple to the irreducible 

representation Tm.m' is realized on C[Q] Ti.m.m')- Since the trivial representation of 
(7g(gl„) is realized only on Ho o, then ylt^i(gi„) coincides with C[Q] OHo o = C[Q] (g)C ~ 
C[Q]. 

In order to prove the second equality we note that for ?7g(gl„_i)-module A we have 

A = Cg[zi,Wi,---,Zn,Wn\ = ^Cg[zi,Wi, ■ ' ' , Zn-l,Wn-l]ZnWl. 

k,l 

The action of the subalgebra Uq{^^_i) on monomials z^w\^ is trivial. Moreover, 

C[2i,'u;i,---,^„_i,w;„_i]^«(s''-i) = C[(5„_i], where 0„^i = ziiui H +z„_i7ij„_i. 

Since Q = Q„_i + ZnWn, we have ^^■'(g^n-i) ~ @k^i<C[Qn-i]zWn - ®k,MQ]zWn- 
Proposition is proved. 

VI. THE DUAL PAIR (f/,(sl2), f/,(gl„)) 
The formulas 

ke = q^ek, k} = q'^Jk, ef-fe='^^^ (26) 

determine the quantum algebra Uq{s\2) generated by the elements k, k^^ , e, f. Let C{A) 
be the space of linear operators on the algebra A. It is directly verified by means of 
formula (18) that the operators 

c.(fc)=g"77, o.(e) = g-"+iQ, a;(/) = (27) 

satisfy relations (26). This means that the algebra homomorphism uj : Uq{s\2) ^{A) 
uniquely determined by formulas (27) is a representation of Uglsh). 

Since the operators uj(k), uj(e), uj(,f ) commute with the operators L{X), X £ ?7f,(gl„) 
we can introduce the representation w x L of the algebra Uq{s\2) x Uq{g\^) on A, where 
L is the above defined natural action of Uq{gl^) on A. This representation is reducible. 
Let us decompose it into irreducible constituents. 

By (23), we have A = 0to,to'>o(*^['3] ®'^m,m')- The subspaces C[Q] ^Hm^m' are 
invariant under Uq{s\2) x ?7g(gl„), since the space C[Q] is elementwise invariant under 
C/g(gl„), and for / e C[Q] and hm,m' G 'Hm,7n' we have 

Q(/(Q) O hm,m') = QfiQ) hm,m', (28) 

Aq{Q^^hm,m')='l"~''[r][r + m + m' + n-l]Q^-^^hm,m', (29) 

77(Q'^ ® hm,m' ) = (Qr ^ hm,m' ) • (30) 

These formulas show that Uq{s\2) acts on C[Q] and C/g(gl„) acts on Hm,m'- However, 
this action of Uq{s\2) depends on the component Hm,m'- Taking the basis 

|r) :=5-'-("-l)[r + m + m' + ^^-l]!-lQ^ r = 0,l,2,---. 
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in the space C[Q], we find from (28)-(30) that 

to{k)\r) = g2r-+mW+n|^^ w(/)|r) = ~[r]\r - 1), 

Lj{e)\r) = [r + m + m' + n]\r + 1). 

Comparing this representation with the known irreducible representations of Uq{sl2) 
(see, for example, Ref. 11) we derive that the irreducible representation of Uq{s\2) of 
the discrete series with lowest weight m + m' + n is realized on the component C[Q] of 
the space C[Q] (8 'Hm,m'- We denote this representation of Uq{s\2) by Dm+m'+n- 

Thus, we have derived that on the subspace 'C[Q] ® 'Hm,m' C A the irreducible 
representation Dm+m'+n x Tm,m' of the algebra Uq{s\2) x ?7q(gl„) acts. This means 
that for the reducible representation u) ^ L we have the following decomposition into 
irreducible components: 

oo 

rn,rn'—0 

that is, each irreducible representation of Ug{g\^) in this decomposition determines 
uniquely the corresponding irreducible representation of Uq{s\2) and vise versa. This 
means that Uq{sl2) and ?7g(gl„) constitute a dual pair under the action on A. 

VII. RESTRICTION OF g-HARMONIC POLYNOMIALS ONTO THE QUANTUM SPHERE 



The associative algebra .^(S'^,„_i) generated by the elements Zi, ■ ■ ■ , ZnjWi, ■ ■ ■ ,Wn 
satisfying the relations (l)-(3) and the relation 

ZiWi + ZiWi H h ZnWn = 1 

is called the algebra of functions on the quantum sphere 5^ (sec Rcfs. 6, Chap. 11, 
and 7). It is clear that the following canonical algebra isomorphism has place: 

where T is the two-sided ideal of A generated by the element Q — 1 = ZiWi — 1. We 
denote by r the canonical algebra homomorphism 

T : A ^ A/I C^nSf. n-l)- 

This homomorphism is called the restriction of polynomials of A onto the quantum 
sphere S'^^„_i. 

Proposition 6: We have tH ~ ^{Sf^n-i)- ^'^^^ means that t : H ^ ^{'^q,n-i) 
a one-to-one m,apping, that is, the restriction of a q-harmonic polynomial to the sphere 
'^q,n-i determines this polynomial uniquely. 

' Proof: By Theorem 1, we have J^iSf^^-i) = tA = t{C[Q] W) = tH. Since Q 
is invariant with respect to the action of the algebra C/g(gl,J, then the ideal T is an 
invariant subspace under the action of ?7g(gl„) on A. Therefore, an action of [/g(gl„) 
on A/T is defined. This action coincides with the action in Ref. 8. The homomorphism 
T intertwines the action of f/(j(gl,j) on A and on A/T. Since TT-Lm.m' ^ {0}, then the 
action of i7g(gl„) realizes the same irreducible representation on 7im,m' and on T'Hm,m,'- 
This means that dim Hm,m' = dim T"Hm,m', that is, the mapping r is one-to-one on 
T^m,m' ■ Therefore, it is one-to-one on H. Proposition is proved. 
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Proposition 6 allows us to determine a scalar product on H. For this, we use the 
invariant functional h on the quantum sphere defined in Ref. 8, section 4.2. This func- 
tional h is determined by introducing a linear gradation in tA: tA = X);^gzn ('''-4)^) 
where ijA)^ = {p G tA \ p(tz,t^^w) = t'^p(z,w)}, t = {ti,t2, • • • ,f„) are n indeter- 
minates, and 

tz = {tiZi,--- ,tnZn), t-^Vf = iti^Wi,---,tn^Wn), = • • • t^" . 

The subalgebra (ryl)" is spanned by the monomials z^^ ■ ■ ■ zl^""w!^'^ ■ ■ ■ w^^ (or by the 
monomials Wj*^ • • • w^"z!^" ■ ■ ■ z^^), = 0, 1, 2, • • •. The functional h is defined as a 
linear mapping h : tA C such that h{p) = if p € {{tA}^, A 7^ 0, and 



(<z^9'U---(<z';<?V(9';9') 



n-1 



n "l / / 2. „2^ 

KQ J^i + .-l-^n+n-l 

The following assertions are proved in Ref. 8: 

(a) The subalgebra (tA)^ is a commutative algebra generated by the elements Qn-i, 

Qn-2, ■ ■ ■ ,Ql- 

(b) The algebra (tA)^ is isomorphic to the polynomial algebra in n — 1 commuting 
indeterminates. 

(c) For any polynomial p(z, w) = f{Qi,---,Qn-i) € {tA)^ the value h{p) is ex- 
pressed in term of Jackson integral: 

Hp) = ' 2\n-l / / '■■/ f{Ql,- ■ ■ ,Qn-l)dg2Qi- ■ ■dg2Qn-i 

(i- — Q ) Jo Jo Jo 

(the definition of Jackson integral sec, for example, in Ref. 12, Chap. 1). 
Now we can introduce a scalar product (■, ■) on H: 

(pi,P2) = M(m)(rp2)*), (31) 

where a* determines an element conjugate to a e ^ under action of the ^-operation. 
Proposition 7: We have Hm,m' -^T^r^r' if {m,in') ^ {r,r'). 

Proof follows from the fact that {tpi){tp2)* ^ (r^)" if Pi G 'Hm,m', P2 G Tiry , and 
(m,m') ^ (r,r'). 

VIII. THE PROJECTION Am,m' ^ nm,m' 

Let us go back to the decomposition (20) and construct the projector 

Hm.m' • Am,7n' — ^m,m' ® QAm—l^m' — l ^ '^m,m'- 

We present this projector in the form 

min(rn,m') 

^m,m'P= akQ'^^qP, Qfe G C, P € Am,m' ■ (32) 

fc=0 

We have to calculate values of the coefficients a^. In order to do this, we act by the 

operator Aq upon both parts of (32) and use the relation (18). Under this action, 
the left hand side vanishes. Equating the right hand side to 0, we derive a recurrence 
relation 

g""^ [k][m + m' + n-k-l\ak + au-i = 
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for ak which gives 



a.-{ i)k.-in-m Vn + ^' + ^-k--A'- .33^ 
"'^-^ ^ [fc]![m + m' + n-2]!' ^"^"^^ 

where [s]! = [s][s - l][s - 2] ■ • • [1] for s 9^ and [0]! = 1. 

Note that the coefficients ak are determined by the recurrence relation uniquely up 
to a constant. In (33) we have chosen this constant in such a way that ^m,m'P = P for 
P e Um.m'- This means that = H„^™/. 

Proposition 8: The operator V\,n,m' commutes with the action of i7q(gl„), that is, 
with the operators of the representation Lm,m' ofUq{gl^). 

Proof: This assertion follows from the fact that the operators Lm,7n'iX), X e 
J7q(gl„), commute with Q and Aq (see Proposition 2). Proposition is proved. 

A polynomial ip of the space 'Hm,m' is called zonal if it is invariant with respect to 
operators Lm,m'{X), X e J7g(gl„_i). We shall show below that zonal polynomials can 
be expressed in terms of the basic hypergeometric function 2<pi which is defined by the 
formula 



2<pi(a, 6; c; q, x) = ^ 



fe=o 



(g; q)k{b; Q)k 

(c; q)k{q\ q)k 



(see Refs. 12 and 13 for properties of this function). 

Proposition 9: (a) The subspace of zonal polynomials in Ti.m.rn' is one- dimensional. 
(b) Up to a constant, a zonal polynomial of Ti.m,m' is given by the formula 

'Pm,m' — /„2rT,,-l 1 . „2\ ^„2. „2^ 1 V^^/ 



s=0 

if m>m' and by the formula 



(^2(n-l).g2)^(^2.g2)^ Qs 



((Z-2'";g2)^((;2(m'+n-l).^2)^g«_^ 



'Pm,m'-Q 2^ (g2(„-l).^2)^(g2.g2)^ Qs^^n , (<i5) 



if m <m' . 

Proof: (a) As we have seen, the irreducible representation Tm,m' of ?7g(gl„) with 
highest weight (m, 0, ■ • • , 0, — m') is realized on Ttrn.m' ■ It is known that this represen- 
tation, under restriction to Uq{gl„_i), contains trivial (one-dimensional) representation 
of this subalgebra with multiplicity 1. This proves the first assertion. 

(b) We construct a zonal polynomial of H.m.m' by using the projection operator 
Hm.rn'- In Order to do this, we have to take a polynomial p € Am,m' invariant with 
respect to Uq{gl^_i) and to act upon it by the operator Hm,m'- Since the projector 
Hm,m' commutes with the action of t/q(gl„_]^), a polynomial obtained in this way is a 
zonal polynomial. Clearly, the polynomial p = belongs to Am,m' and is invariant 

under the action of J7g(gl„_^). In order to find an expression for Hmm' {^^^"^ ) we first 
assume that m>m'. 

Using the second expression for Ag in (17) and relation = we have 

m' 
s=0 
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^" ^"^^ ^ [m-s]![m'-s]!^" 



8 = 

Taking into account the expression for the coefficients as and using the formulas 

r n, ^ (g^;g').(-l)" (,+ i)/2 H! ^ (g-^"';g^). ,(,_i)/2 

we obtain 

</?m,m'-^„ 2^9 (^2.^2)^(g-2(m+m'+n-2).^2)^'^ -^n ■ 1^0; 

Using the first relation in (16) we obtain from (36) that 

-2m.„2\ /„-2m'.„2^ 



/'„-2m.„2\ /„-2m\'2\ 
,r, _ /Qto' ^m-m' „2s W )s\1 ,q Ja I H- r,-'^\ 

^m,m,'-^ Zn (^2 . ^2)^ (-^-2(m+m'+n-2) . g2)^ l^*^"-!/ « ) 



s=0 



jTrt' — s- 



Since (see relation (II. 4) from Appendix II in Ref. 12) 



m — s 



( ~2(m'-s) 2\ 

{Qr..,/Q;q-^U'-s = E f 2 2^ Qn-l/Q", 



we have 



" ^ " ^ {q^;q^Uq-^(rn+m'+n-2).q2)^ 3 (^2.^2)^ 

^ " ^0 ^ (g2;g2),(g-2(-+™'+"-2);g2)^- ^ ^ 

Applying relation (1.7) and then relation (1.13) from Appendix I in Ref. 12 we find 

( „2m' -2v+2 . „2\ /„-2m'+2i/. „2\ 

^9 V-l ij « g (g-2'"';g2). 

Therefore, for the sum over s in (37) (which will be denoted by I„) we obtain the 
expression 

T ( n-..-2'»'-..'-(--i^ (g''"'""^^''g')- v'^ (g-^-'+^-;g^)a(g-^-";g^)«g^- 

^ ^ ) 1 9 (^2.^2)^ (^2.g2)^(^-2(™W+n-2).^2)^- 

The sum over s here is the basic hypergeometric function 

„— 2mm'+2TOL//„-2m'-2n+4. „2\ 

^/i rn-^™ „-2m'+2!y. -2(rn+m'+n-2) . 2. 2\ _ « W ;g M'-i^ 

.9 ,«,g)- (^-2(™+m'+n-2).g2)^,_^ ' 

where we used formula (II. 6) from Appendix II in Ref. 12. 
Therefore, for the function ifim,m' we have the expression 

_ /O^' ra—rri \ ^ ^ri—\ ^2iJ ( -i \ v —2m' v —27nm' +2mv 

'Pm,m' — W / , H \ ^) H g g 

i/=0 ^ 
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By formula (1.8) of Appendix I in Ref. 12 we have 

and by formula (I-ll) from Appendix I in Ref. 12 wc obtain 

/•„-2m'-2n+4. „2\ , /_-2m'-2n+4. „2\ , /„2(m+n-l) . „2\ 



(^-2(m+m'+n-2).(^2)^,_^ 1 (g-2(m+m'+n-2) . ^2)^, (g2n-2. ^2)^ • 

For this reason, we have 

( -2m' -2n+i. 2\ 

u '^ (/I —2mm'_Vi i /"i' /n™' „m—Tn' ^, 

nmm'yZn ) - fm,m' - q (^q-2(m+m'+n-2) . q2^^,^ ^ 

^0 (g^92)^(g2(„-l).g2)^ 9 

/„2(n-l). „2\ 

- (g2(m+n-l).g2)^, Q 2¥'l((Z ,9^ > , q , q Qn-l/ Q) ■ 

This proves the second assertion of the proposition for the case m > m' . The case 
m < m' is proved in the same way. Proposition is proved. 
The formula 

Pt'^\x; q)=,^,iq-\ q^) 

defines the so called little g-Jacobi polynomials. The zonal polynomials from Proposition 
9 can be written in term of these polynomials as 

\im>m' and as 

if m < m'. Restricting these polynomials onto the quantum sphere Sg ,^_i we obtain 
if m > m' and as 

if m < m! . These polynomials are called zonal spherical functions on the quantum 
sphere S'^,^_i and were calculated in Ref. 8 (see also Refs. 3 and 4). 

IX. g-ANALOGUE OF ASSOCIATED SPHERICAL HARMONICS WITH RESPECT TO 

It is known (see Ref. 1, Chap. 11) that in the space of classical homogeneous har- 
monic polynomials on the unitary (complex Euclidean) space E'^ there exist different 
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orthonormal bases. They correspond to different separations of variables. Each separa- 
tion of variables corresponds to a certain chain of subgroups of the unitary group U{n). 
A similar picture has place for the spaces Hm,m' of homogeneous g-harmonic polyno- 
mials. We consider in this section a g-analogue of separation of variables corresponding 
to spherical coordinates on the sphere (sec Ref. 1, Chap. 11). 

In the classical case, the tree method distinguishes different separations of vari- 
ables. Different separations of variables are in a one-to-one correspondence with differ- 
ent chains of subgroups of U{n). The same tree method can be used for g-harmonic 
polynomials, but instead of chains of subgroups of U{n) we have to take the correspond- 
ing chains of subalgebras of the algebra [/g(gl„). A certain orthogonal basis corresponds 
to such a chain of subalgebras. 

The aim of this section is to construct an orthogonal basis of the space 'Hm,m' of 
homogeneous g-harmonic polynomials which corresponds to the chain 

C/,(glJ D ;7,(gl„_i) D • • • D U,{gk) D U,{g\^) D U,{g\,). (38) 

This basis is a g-analogue of the set of associated spherical harmonics on the complex 
vector space which are products of certain Jacobi polynomials (see, Ref. 1, Chap. 11). 
The basis elements give solutions of the equation Aqp = in " separated coordinates" . 
So, we obtain a (j-analogue of the classical separation of variables. 

Lemma 1: Let fk'{z') and g;/(w') be homogeneous polynomials of degrees k' in z' = 
{z-i, Zi, - ■ ■ , Zn-i) and of degrees I' in w' = {wi,w\, • • • , Wn-i), respectively. Then for 
any nonnegative integers k and I we have 

A,{z'yjk'{z')gi,{w')) = g'-'=^XAn-i(/fe'(z')5Hw')) 

+q^^^-'\''+'''m]zt'wl-^fk'iz')gHw'), 

where A„_i = J^^^Zi q^^^^didi is the q-Laplace operator for the elements z' = {zi, ■ ■ ■ , 
Zn-i) and w' = (wi, • • ■ , w„_i). 

Proof: Using the relations for the operators from section 111 we derive 

dndnZ^wUk'{z')g,{^') = g('-'=)'='a„a„/fc,(z')'2n"'U'(w') 

= q('->'^>''[k]dnfk'{z')zt'wlgt'{w') = q^^-'^'''[k]dnzt'fk'{z')wl9i,{w') 
= q^'-'^'''[k]zt'dr,fk'iz')wlgi,{W) = g-2'='+'(^'+'')[fc]^rVfe'(z')9„ffKw')«'i 

= q-"''+"''+''[k][l]z';-\fk'{z')wl-'gi'{vv') = q-''+'' [kmzfwl-' fk'{z')g,iw'). 
Since diWn = qWndi + (1 - q'^)widn, i < n, and dn{wlfk'iz')gi>{-w')) = 0, we have 

didiz';iwUk'{z')gi'{v^') - d,z':d,wlfk'{z')gi,{^') = q'd,z':,wlA.fk'{z')gi'{^'). 

Using reccurently the relation BiZn = q~^Zndi -h (1 — q~^)q'^^"'~^^ Zidn, we obtain 

didiz'^wUk'{z')gi'{w') = q'-''zWJidifk'{z')gi,{W) 

+g2(„-i)(i - q-^)q''+\kmzt'w'-Hidifk,{z')gi,{W). 

Thus, one has 

A„_i(^X/fe'(z'k'(w')) = (?'-'=zXA„-i/fc'(z')5aw') 
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V"-'(<Z' - l)q''[k][l][k']z^^-'w'-'h\7.')gi,{W), 

where the relation 

n—\ n 

J2Wk'{^')9l'{v^') = E^^^^^'(^')5;'(w') = {7}/fe'(z')5Hw') = [k']h'{^')9l'{^') 

i=l 1=1 

has been used. From the above results and from the equahty A, = + A„_i, 

the lemma follows. 

Proposition 10: Let s and s' be integers such that < s < m and < s' < m' . Let 

hs.s' (z', w') be a homogeneous harmonic polynomial of degree s inz' = (zi, 22, • • • , Zn-i) 
and of degree s' in w' = {wi,W2, • • • , Then for z™~'^w'^ ~* hg^gi (z', w') e Am,m' 

we have 

H„,™'(C<'"''/i...'K, w')) = z;r"'"'"'+''Q'"''''C"'/i<^..'K, W), (39) 
where m — s >m' — s' , 



(„-2m'-2s-2n+4. „2\ 
jmm' _ „-2(m-s)(m'-s') ' 'J ) 



m' —s' 



( „-2m-2m' -2n+4 . „2\ , ' 



H„^,™'(^:*-^<'-^'/i.,y(z',w')) = g'"-«C^'<'"'''""+'/i.,«'(z',w'), (40) 

w/iere m — s <m' — s', 



( „-2m-2s' -2n+i. „2\ 
imm' _ -2{m-a){m' -s') }M iH )r 

"'SS' y / 9Tn._9Tn/-9r,.-l-4. 



Im—s 



(„-2m-2m'-2n+4. „2^ 
W ! */ )m—a 

Proof: The proof of this proposition is similar to that of Proposition 6 and we shall 
omit details. Taking into account formula (32) for the projector H^.m' and Lemma 1, 
we obtain 

inin(m,m ) 

H„,™'«""'"^n'"''/J.,.'(z',w')) = «fcQ'A,^z;r-^<'-^'ft,,,,(z',w') 

fe=0 

^ \m — s\\ \m' — s'\ ! 



= Y.auQ\'^--'^\^^+''> \ Z , ' M, ^""^"'<'"^ -'=ft«,..(z',w'), 

^ [m — s — A;J![m' — s' — kJ! 

where 6 = min(m — s,m' — s'). Let m — s > m' — s', then 

H( ~,f^ — a^,,m' — s' 1 /„/ ^m—s—m'+s'/^m' — s^jmm'u Z™' ■«■«r'^ 

m,m'(2;„ U'n "-s.s' (Z , W )) = Z„ ^ Cf^y /ls,s'(z,w), 

where 



t::; (g2;g2),(g-2(m+n.'+n-2).^2)^ « (^2.^2)^ ■ 
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Here d = m! — s' — k. Changing the order of summations in the last expression we have 

"^ss' -2. ( 2 2)_^ 2^1 

v=a ' ^ fc=o 

(g-2(^-.).g2)^(^-2(,n'-s'-fc).^2)^(^-2(r»'-.').g2)^ 

where a' — m! — s' . Since 

(^-2(m'-.'-fe).^2)^^^.(.-l)(_^-2(m'-s'-fc)-).(^2m'-2s'-2fe^-2.+2.^2)^ 
^ )^ 1 (^-2™'+2.'.^2)^ 

for the sum over k in (41) we have 

(^_iyqi'i<^-l)(^q-2.q2m'-2.'+2.q2^^ -^- (g-2m'+2.'+2..^2)^(g-2(m-.).g2^^ 
^2(m'-^i')^ ^ (g2.^2^^(^-2(m+m'+n-2).g2)^ ' 



,2fe 



- „ ( iy„-^('^-l)„-2(m'-s'),^ (<1 '"' '"^^:<r)/»'-.s'-t^ -2(m-s)(m'-s'-i/) 

-a^y 1) q q l„-2m-2m' -2n+i. „2\ , , « 

\q 1 q }m' —s' —v 

( ^\Vr,v(v-\\ /'„-2m'-2s-2n+4. „2\ /'„2m+2s'+2n-2. „2^ 

q2{ra'-s')u (q-2m-2m' -2n+4 . ^2^^,_^, (^25+2s' +2n-2 . ^2^^ 

where = {q-^''q^'^'-'^'''+^]q^)^. Since 

a, = (g-2''g2m'-2.'+2.^2^^ ^ ^_^^,^_,(,_l)^2(,„'_,').(^-2m'+2«'. ^2^^^ 

for d™™ we have the expression 

C"' =<r'2^i(<z-'^'"'"^'\<z'^'"+^'+"-'^9'^^+'''+"-'^ <z'; <z'On-i/Q), 

where 

, , /„-2m'-2s-2Ti+4. _2\ , , /„2(s+n-l) . „2^, , , 

mm' _ -2(m-s)(m'-s') W Jm'-s' _ \q ,1 )m'-s' 

^ss' ~ y 



^q-2m-2m'-2n+4.q2)^,_^, (^2(m+n-l) . <^2)^,_^, " 

In the case when m — s < m' ~ s' , the proof is similar and we omit it. Proposition is 
proved. 

Remark: If n = 2, then polynomials hs,s'{zi,wi) in Proposition 10 are multiple to 
elements from (21), that is, we have s = or s' = or s = s' = 0. 

The expressions for d™™ from Proposition 10 can be represented in terms of little 
g-Jacobi polynomials Pj^'^\x;q) as 



ss' ^ m' 

iim — s> m' ~ s' and as 



imm' _ mm' p{s+s' +n-2,m-s-m'+s') 
"ss' — ^ss' ^m'-s' Wn-1/ ), 

md as 

jmm' _ m'mj:>(s+s'+n-2,m'-s'-m+s)f^ /^-, 
"ss' — ^s's ^m-s 
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if m — s < m' — s' . 

We denote the expression 2^~*+'"'+*'Q™'~*'(i™7*' from (39) and the expression 
Qm-s^j^mm'^m'-s'+m+s fjom (40) hy t"^'^^'""' . Then 

H™,™'(^r"'<'"''/ia,«'(z',w')) = C:™'™'/ia,«'(z',w'). (42) 

Moreover, the space Hm,m' can be represented as the direct sum 

nm,m' = ^^t:p"^'n^Z~'\ (43) 

s=0 s'=0 

where Ti^" , are the corresponding spaces of homogeneous q-harmonic polynomials in 
Zi, Wi, I = 1, 2, • • • , n — 1. To prove this, wc note that the snbspaccs t"'™'™ , 

pairwise do not intersect and ©^o®™=oC ™'™ ''^i"' ^ T^mm'- Now the equality 
(43) follows from the fact that dimensions of the spaces on the right and on the left 
coincide. 

To have a correspondence with the classical case, below we denote t^'^'"^ (in this 
case s = or s' = 0) by t2;m,m' Hs' = and by t^^''"' if s = 0. 

Taking into account the orthogonality relation (7.3.3) in Ref. 12 for little (j-Jacobi 
polynomials we obtain for the scalar product of t"^'^'™ h^J^^^^ and t"'^'™ /i^^T^' , h'^^j^^^ G 
the expression 

V's,s' ^s,s' ^''r,r' "'r,r' / — OsrOs'r' [Cg^, ) O^g, {^11^^, , fl^y /(n-l)) 

where (■, ■)(n-i) is the scalar product in the space W^""^^ and 

,mm' ^ (l-g2("+-+-'-i))g2('"'-')("+-+-'-^)(g2;g2)^-,(g2;g2)^,-,, 

(l_^2(2m+„-l))(^2(„+«+y-l).^2)^_^(^2(n+«+«'-l).^2-)^,_^/ 

Note that a calculation of this scalar product reduces to g'-integration (see Refs. 3 and 
4 on calculation of (/-integrals of this type) . 

Now we apply the decomposition (43) to the subspaces '^^"^7^'' and obtain 

m m' s s' 
nj _ /TN ,n-m,m' ,n-l;s,s' 

rLm,m' — XJP Vl/ Vl/ ^s,s' V.r' 'T-r.r' ' 

s=0 s'=0 r=0 r'=0 

where W^"7^' are the subspaces of homogeneous g-harmonic polynomials in Zi,Wi, i = 
1,2, — 2. Continuing such decompositions we obtain the decomposition 

'Hm,m' — 'C^in,m',mi (z, w), 

m,m' ,mi 

where the polynomials Sin,m',m,i are given by the formula 

Sm m' mi (Z,W) =*"•'"''"' , i"-!;-";!'--! . . . i3;m3,rn^2;m„m^i;™ , . 

and the summation is over all sets of 2n — 3 integers m = (m„_i, ■ • • , m2), m' = 
{'m'n-ir ■ ■ j"^2)' "^1 such that mj > 0, > 0, i = 2, 3, ■ • • , n — 1, m2 > mi > — 

m > m„_i > m„_2 > • • • > TO2, m' > m'^_i > m^_2 > • • • > m'2. 
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Here and imT^'™^ ^re determined by formulas given above and 

^l;mi ^ _^mi j^^. ^ ^1;0 ^ ^l;mi ^ ^-mi foj. ^ o_ 

It is easy to show that the basis (44) is orthogonal with respect to the scalar product 
introduced above. 

At g = 1, polynomials (44) turn into the basis elements of the spaces of homogeneous 
harmonic polynomials on C" in separated coordinates determined by formulas (2) of 
section 11.1.4 in Rcf. 1. These classical homogeneous harmonic polynomials, restricted 
to the sphere S^_i, coincide with associated spherical functions from section 11.3 in 
Ref. 1. They are matrix elements of zero column of the corresponding irreducible 
representations of the group U{n). 

The basis elements (44) give solutions of the equation Ap = in Hm,m'- A repre- 
sentation of solutions in the form (44) can be considered as a g'-analogue of the corre- 
sponding classical separation of variables. 

In order to have an orthonormal basis in Tim m' we replace each ''™»>-»'™n-t 
the expression (44) for Sm.m'.mi (z, w) by 

m„_i_i,mj,_^_j ^m„-i-i,m'^_^_^y m,„-i-\,m,'^_^_i' "»n-»-ii"»t,_j_i ' 

We denote the expression (44) with such the replacement by Sm,m',mi(z, w). These 
polynomials constitute an orthonormal basis of 'Hm,m' ■ 

It was shown above that the irreducible representation Tm,m' with highest weight 
(to, 0, • • • , 0, —to') acts on the space H,n,m'- The following assertion is true. 

Proposition 11: The operators Trn.m'ic-j), T„i.m'{fj) arid Tm,m'ikj), corresponding 
to the generating elements ej,fj,kj of the algebra J7g(gl„), act upon the basis elements 

Sm,m',mi = |m, m',TOi) OS 

T'm,m'(ej-i)|m,m',TOi) = A(m, m')|mtj^i, m', mi) + B(m, m')|m, m'Tli, mi), 

7'm,m'(/7-i)|m,m',mi) = A{in~\,in')\inj\,in' ,mi) + B{in,in'f\)\in,in'f\,mi), 

Tm,m'{k,-i)\m, m', mi) = --i |m, m', mi), 

where 
74(m,m') 

/ [nij - TOj_i][m^- + TOj_i -l-i - l][TOj_i - mj-2 + l][mj-i + m^_2 + j - 2] 
\ ["ij-i + m^._i +j- 2][mj-i + TO^_i +3 - I] 



iJ(m, m') 

_ ( - TO^._i + l][mj + m^_i + j - 2] [m^-_i - m'j_^] [m'^_^ + mj-2 + J - 3] 
\ [mj_i + m^_i +j- 2][mj_i + m^_i + j - 3] 

m„ = m, to', = to', m^^ denotes the set of the numbers mj_i with ruj-i replaced by 
TOj_i ± 1, respectively. 
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A proof of this proposition is awkward. Since it is similar to that of Theorem 1 in 
Ref. 5, we omit it. 

X. g-ANALOGUE OF ASSOCIATED SPHERICAL HARMONICS WITH RESPECT TO 

U,{glp) X ?7,(gl„_p) 

In section IX wc found an orthogonal basis of the space Ttmm' of homogeneous q- 
harmonic polynomials corresponding to the chain of subalgebras (38). In this section 
we shall find orthogonal bases of the same space corresponding to the reductions 

;7,(gljDC/,(glp)xC/,(gl„_,jD.... (45) 

In the classical case (see Ref. 1, Chap. 11), further reductions can be made taking 
any chain of subgroups of the groups U{p) and U{n— p). In particular, the usual tree 
method (see Ref. 1, section 10.2) can be used to describe different chains of these 
groups corresponding to different orthogonal bases of Hmm'- In our case, there are 
some difficulties with construction of orthogonal bases corresponding to any chain of 
subalgebras in (45). For this reason, wc construct orthogonal bases corresponding to 
the case, when we take chains of the type (38) for the subalgebras Uq{g\p) and t^g(gl„_p) 
in (45). 

We represent the set (z, w) = (zi, • • • , z„; wi, • • • , w„) as (y, t), where y = (zi, Z2, • ■ •, 
Zp, wi, W2, • • • , Wp) and t = {zp+i, • • • , z„, Wp+i, • • • , Wn)- Then the g-Laplace operator 
Ag can be written as 

Ag = A(y)+A(t), (46) 

where 

n—p 

A(y) = ^i^i + h dpBp, A(t) = dp+iBp+i H h dndn = ^ q^'^'-^^^Bp+idp+i. (47) 

i=l 

The operator Ag can be also represented as 

Ag = A(y)+g2PA(t), 

where 

A(y) = + q^B^d^ + ■■■ + q^^^-'^^BpBp. (48) 

We have 

A(y)-A(y) = (l-g2^')A(t). (49) 

In order to find bases of 'Hm,m' corresponding to the reduction (45) we take non- 
negative numbers r,r' ,s,s' such that 

u := m — r — s = m' — r' — s' > 0. 

We wish to find a harmonic projection of the polynomials 

Q^K,,,{t)hr,r'iy)GAmm', (t) € W^^j , (y) G H^^^,, (50) 

where Qy :— ziwi + • ■ • + ZpWp, n^^}. is the space of homogeneous g-harmonic poly- 
nomials in y = (zi, 2:2, • • • , Zp, wi, ■u;2, • • • , Wp), and W^*], is the space obtained in the 

following way. We take the space W^"-^' of homo geneous g'-harmonic polynomials in 
{zi, ■ ■ ■ , Zn-p, wi, ■ ■ ■ , Wn-p) and, using the relations between Zi and Wj, represent each 
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its polynomial in such a form that in each of its summands (monomials) the elements 
zi, - ■ ■ , Zn-p stand before the elements w-i, - ■ ■ , Wn-p- Then we replace zi, • • • , Zn-p, wi, 
■ ■ •, Wn-p by Zp+i, • • • , Zn, Wp+i, • • • , Wn, respectively, in each of these polynomials. The 

space of these polynomials in Zp+i, ■ ■ ■ , Zn, Wp+i, ■ • ■ ,Wn is denoted by 

Lemma 2: Polynomials P of 'H^g\t satisfy the conditions diP = 0, diP = 0, i = 

Proof: Fulfillment of the conditions diP = 0, i = 1, 2, • • • ,p, follow from the con- 
struction of polynomials of the space 'H^s\i- In order to prove the fulfillment of the 
conditions diP = 0, i = 1, 2, • • • ,p, we note that according to formulas (8) and (9) the 

space T^g*^/ is clcmcntwisc invariant with respect to the siibalgcbra ?7q(glp). Moreover, 
this space is invariant and irreducible with respect to the subalgebra i7g(gl„_p) acting 
on t. 

Now wc rearrange elements Zp+i, • • • , z„, Wp+i, ■ • • , w„ in each of polynomials of W^*]/ 
such that in each summand (monomial) elements Wp+i, ■ ■ ■ ,Wn stand before the ele- 
ments Zp+i, • • • , z„. We denote the space W^*]/ with this rearrangement in polynomials 

by C^g\i- Because of elementwise invariance with respect to f/g(glp), the space £g*^, can 
be represented as a direct sum 

45' = ® Qy^s-i,s'-i e Qlns-2,s--2 e • • • , (5i) 

where IZg-j^s'-j denote the space of homogeneous polynomials in which Wp+i, ■ ■ ■ ,Wn 
stand before Zp+i, - ■ ■ ,Zn- Due to formulas (8) and (9), the spaces TZs-j,s'-j are in- 
variant with respect to f/g(gl„_p). However, the representation of f/q(gl„_p) on 
is irreducible. Therefore, the decomposition (51) contains only one summand and 

= TZs^s'- It is clear that for elements of TZs^s' the conditions BiP = 0, i = 1, 2, • ■ • 
are fulfilled. Lemma is proved. 

Corollary 1: Elements P of the space 7Y^*^, satisfy the relation ^{t)P = 0- 

Corollary 2: Elements P of the space H^gli are q-harmonic, that is, AgP = 0. 
Corollary 1 follows from (47)-(49). Corollary 2 follows from Corollary 1 and formula 

Lemma 3: For polynomial hg^s'i't) € W^*]/ and arbitrary polynomial /(y) we have 

A(y)/i«,.'(t)/(y) = (t)A(y)/(y). 

Proof: We first prove the relations dihg^s' {^)fiy) — 9" /is,s' (t)9i/(y), i = 1, - ■ ■ ,p. 
The polynomial ft, ^/(t) can be represented in the form of a linear combination of 

monomials z^^^ ■ ■ ■ z^"w!^ ■ ■ ■ w^^l , where fcp+i H h fc„ = s, Zp+i H \-ln = s'. We 

have 

d4l\' ■■■zi-v}---- v};X\f{y-) = z'/^r ■ ■ ■ z'nHdiwl" ■ --wl^^lfiy)) 

= g^'zp+Y • • • 4"^n • • • Wp+l i^^fiy)), 

where the relation djf{y) = and relations from section III were used. It proves 
our relations. We analogously prove the relations 5;/; ,,,.8' (t)/(y) = q~'''hs^s'{'t)dif{y), 
i = 1, ■ ■ ■ ,p. In this case, it is useful to represent the polynomial hs^s'i'^) in the form 
of a linear combination of monomials 'w''p_^l ■ ■ ■ w^" z^" • • • Zp^i (such representation is 
possible due to Lemma 2). Now the lemma follows from explicit formula for A(y). 
Lemma is proved. 
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Since A(t) (Qy/is,s'(t)/ir,r'(y)) = 0, then using Lemma 3 and relation (18) with n 
replaced by p we have 

A, {Q^K^s' {t)hr,r'iy)) = A(y) {Q^h,,s' {t)hr,r'iy)) = q''K,s'{t)^(y)Qyhr,r'{y) 

= [y] [p + u + r + r'-l] {Q^'^K,,. {t)hry (y)) , 

where a = 2(s — s')u + s' — s. 

Now we may find a harmonic projection of the polynomials (50). Denoting this 
projection by /i^'m'*'* have 

min {m,m') 
fe=0 

where is determined by formula (33). Denoting the expression in the parentheses by 
*r,'r'';™s™ (Qy <9t), we have 

^^™^'''Hz.w) = H^,m' (Q™-'^-^/»«,.Kt)/i.,r'(y)) =C™'(Qy>Qt)/i«,«'(t)/i.,,.'(y). 

(52) 

After some simple transformations, wo obtain for t"'^;™^™ (Qy, Qt) the expression 

Wy-t^tj -(^y^ (g-2(m+™'+n-2).g2)^(^2.(^2)^ 9 t^y , 

where cr = — 2n — 2s' + 2 + 2p. Taking into account the definition of the basis hyperge- 
ometric function 2^1, we derive 

,n,p;m,Tn' ^ \ f„-2u „-2(r+r'+p+u-l) . „-2(m+m' +n-2) . „2 nri — '^„<r\ 

Applying the relation 

2<^i(g-",6; c; g,^) = g-("+i)"/2(_z)"fi%2¥'i(g-",g'-7c; «'-7&; «,cg"+V6^) 

(c; g)n 

(see, for example, formula (2) of Section 14.1.8 in Ref. 14) we reduce this expression to 

\r';s,s' Wy,^t)-[ q ) q (^q-2{m+m'+n-2).q2^^^ 
V ,n /'«-2" „2(m+m'+n-M-l). „2(r+r'+p). 2 „-2s+2^ //-)^ 

Using the definition of the little g-Jacobi polynomials, wc derive from here that 

t:p-7\Qy,Qt) = (-g-)>-("+^)- Q" 

xp^r+r'+p-l,.+.'+„-p-l)(^-2sg^/g. ^2y ^53) 
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Thus, we proved that the projection Hm.m' {Q^y ^ ^^s.s'(t)/ir,r'(y)) ^-^ ffwen by formula 
(52), where t^f;!^"^ is determined by (53). The restriction rh^^^^f'^ \z,w) of this 
projection onto the quantum sphere S'^„_i is given by 

-^i:!' '^'Hz,w) = irt:p2f)iQy)K,At)hr,Ay), 

where «f/";r')(Qy) = cP!f+'^'+'-'^'+''^"-''-'\q-^'Qy/Q;q') (c is the multipher 
from the right hand side of (53)). 

For the scalar product of polynomials of the form (52) we have 

= if iry,s,s') ^ (r",r"',. ",.'") 

(since the spaces H^!^^, and 71^^}^,,, and the spaces Ti^*]/ and H^^} are orthogonal). 
If {r,r',s,s') = {r" ,r'" , s" , s'"), then the norm of the polynomial (52) reduces to the 
orthogonality relation for g-Jacobi polynomials and to norms of hg^s'i't) and hry{y). 

In order to obtain a q-analogue of separation of variables in this case we have to 
take bases of the spaces H^^, and Ti^*]/ in separated coordinates (as it was made in 
section IX). 
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